Farey tree (Lecture No. 4, 24.07.2024).

1. Hurwitz Theorem.
a. Mediant fraction. Consider two fractions #, ¢, (a,b) = (c,d) = 1.
1) Show that the mediant fmctzon ZI; is located between gand ¢ ;

2) suppose that ‘— — —‘ = bd, then |%¢ — ng‘ = —b(b+d) and |ZT+§ — §| = —(bjd)d.
b. Hurwitz.
1) Theorem 1. Suppose that o € [%, fl] and |% — 5’ = é. Then either ‘a — —| < be, or ‘a fl‘ <

_1 _ atc 1
sz O o = 355] < V5(brd)?

2) Theorem 2. For any irrational o € R there exist infinitely many % with ‘a — ‘é

3) Why the constant 1/4/5 in Theorem 2 is optimal?

1
NGleH

2. Basis of Z2. Consider two vectors e; = (a,b),e2 = (¢, d) € Z?, with ad — bc = £1. Then
a. each of the vectors is primitive, that is (a,b) = (¢,d) =
b. every integer point z € Z? can be written in a form z = \e; + pey with integer A, p.

3. Stern-Brocot sequences. Define the sets F,,, n = 0,1,2,... by the following inductive procedure.

For n = 0 put
01
— 0.1} = { }

If F,, is defined write it as a collection of increasing numbers:

p',n
0= gO,n < fl,n < < §N(n),n - 17N<TL), fj,n - %7 (pj,m%',n) =1

J7n

Then we define F),,, as
Fn+1 :FnUQn—I—l

where

p',n+p' n .
Qn+1_{¢7‘7_07aN(n)_1}
Ujn + Gjt1n

a. What is N(n)?
b. Prove that for every rational £ € [0, 1] there exists n such that £ € F,.

+ . . .
c. Let p = % € Q41 and we have the continued fraction expansion
J,m J

- = [O;a'h "'7at—1aat]a Qg > 2.
q
Find the continued fraction expansions for its "neighbours" in F,.;, that is for the numbers &;,, n

éj—l-l,n-
d. What is ordinary continued fraction algorithm from "Farey tree point of view"?

Exercises.

1. Hurwitz theorem revisited. Prove that for any v for the deniminators of convergent fractions to
« one has either

QVleq:/flaH < 1/\/57

or

a|lgal| < 1/V5,



or
qwrlHQVJrlOéH < 1/\/5

2. What are the sets
{a€[0,1]: a=10;a1,...at, a1+..+a;=n}, {a€|0,1]: a=[0;a,..,a, a1+ ..+a <n},
(here [0; ay, ..., a;] is the continued fraction for a)?

3. Farey map.
a. Concider the map on [0, 1] defined as

What is 77"(1) and T-"(0)?
b. Find the sum of all the denominators of all numbers from 7-"(0).

4. Legendre Theorem.

a. Let
p Djn + Pj+1, b— by, b+ Pj+1,
__MEQnJrl; __gj’n_ﬁ __5j+1’n_u

¢ Gin+ Qrin q- UGn G+ Aj+1n

p—+p ptp+

o . .
o tq’ q+q+]. Then the fraction o is a convergent fraction to a if and only

Consider the segment I = [
ifael.

b. Legendre theorem simplified. Prove that if

then § is a convergent fraction to «.
5. Monkemeyer’s algorithm.

a. In R? we consider the triangle A = AgA_1A_5 with vertices A_5 = (0,1), A_; = (1,0), Ay = (0,0).
We deal with an inductive process. For a triangle A, A, _1A,_o with verices in rational points such

that ) )
Au72 = <ay_27 V_Q) 7A1/71 = <aV—17 V_l) ) ng (ajvbjacj) = 17

Ch—2 Cy—2 Ch—1 Cy—1

we consider its partition into two smaller triangles

v— v—2 by_ b, —
AL ALAL = BAA,, and A", A"A"_ = BA,A,_, where B = <a e )

Cy—1+Cu2 ’ Cy—1 + CV—Z.
Prove that the points which occur as the vertices of the triangles are just all rational points of the

initial triangle A.
(Suggestions:

1) Let <%, o ‘;—:) € Q™. Prove that there exist unique Ay, ..., A, € Z, Q) € Z,,such that (A4;,...., 4,,Q) =
1 and % =&, Vi
2) Every three vectors

((Zj,bj,Cj),j S {I/ - 1, v — 1, I/}



form a basis of Z3.
3) How one can calculate the area of A = A, A, 1A, 5 in terms of ¢,,c,_1,¢, 27

b. Prove that in Monkemeyer’s algorithm for any o € A\Q? there exists a sequence of nested triangles
A, from the algorithm such that {a} = ()2, A,. (This property is called weak convergence of the
algorithm.)



